Spontaneous imbibition is an area of significant interest to the petroleum industry due to its large contribution to oil production in mature and fractured fields. This work discusses the physics behind the phenomenon of counter-current spontaneous imbibition: the key studies and experiments are reviewed along with how these projects influenced the understanding of the process. The work also simplifies the derivation of the semi-analytical solution of counter-current spontaneous imbibition (Schmid et al. 2011 (Schmid et al. , 2016 and the equation by Schmid et al. (2012) to upscale the rate of spontaneous imbibition from the core to the field scales. Numerical applications of the solution for counter-current spontaneous imbibition, such as determination of relative permeability and capillary pressure, and oil recovery calculations are also discussed. The purpose of this work is to provide a clear and presentative overview of the main mathematical and theoretical concepts and their applications. The work compiles previous significant contributions to the topic and addresses development and applications of the semi-analytical solution, counter-current SI upscaling schemes, imbibition mechanisms and role of capillary backpressure.
Introduction
Understanding the phenomenon of spontaneous imbibition (SI) has become increasingly important due to the gradual transition of production from simpler, more homogeneous reservoirs, to highly fractured, dual porosity reservoirs, which currently make up most of today's global oil reserves (Saidi, 1983; Yu et al., 2009; Salimi and Bruining, 2010; Gong and Rosen, 2018) . Spontaneous imbibition is defined as, "the process by which a wetting fluid is drawn into a porous medium by capillary action" (Morrow and Mason, 2001) . This process only occurs when the wetting fluid displaces the non-wetting fluid out of the porespace. This typically happens when the pore space is mostly saturated with the non-wetting fluid (the capillary pressure, = − P P P The objective of this work is to provide a central source describing previous key breakthroughs in the study of counter-current SI, to give a detailed explanation and derivation of the counter-current SI semianalytical solution, and to model experiments for different boundary conditions and fluid exchange scenarios that should be taken into consideration when predicting fluid flow within oil reservoirs.
Theory and experiment
2.1. The discovery and foundations of spontaneous imbibition
The first proof of concept experiment for spontaneous imbibition was conducted and published by Washburn (1921) using a single capillary tube where water displaced air. Washburn (1921) provided an analytical solution for the movement of an air/water meniscus, assuming negligible viscosity of air, and demonstrated that the distance moved by the wetting phase scaled as the square root of time, confirming the findings of previous works (Bell and Cameron, 1906; Lucas, 1918) . Subsequently, this analysis has been extended to consider fluids of finite viscosity (Morrow and Mason, 2001) .
The derivation for spontaneous imbibition begins with defining the capillary pressure in an ideal capillary tube of fixed radius r, a perfectly wetting fluid and an interfacial tension with the invading fluid σ:
Assuming Laminar flow, the Poiseuille equation is used to describe laminar flow in a capillary tube. The mean velocity υ, is:
where μ is the fluid viscosity, and ΔP is the pressure drop across a length x. As stated, it is fair to assume that the flow during spontaneous imbibition is laminar, due to the slow nature of the process (Li et al., 2018) . The value of x represents the length that the water has reached in the tube. The value of ΔP can be assumed to be constant, being the pressure difference between the inlet (P in ) and outlet (P out ). The capillary tube can also be assumed to be completely horizontal, nullifying the effect of gravity. The value of ΔP hence must remain positive, with flow remaining in the direction of inlet to outlet, and ΔP = P in -P out (Blunt, 2017) . If assumed that the invading fluid is of negligible viscosity (i.e. gas), the main driving force for fluid flow would be capillary pressure, P c and the viscous resistance is proportional to the invaded length. Substituting Equation (1) in Equation (2) Equation (4) is easily generalized for the case where the displaced fluid has a finite viscosity, μ d , and a viscosity ratio M is defined as M = μ d /μ (Morrow and Mason, 2001; Blunt, 2017) :
where L is the total length of the tube. The main result is that when the flow is limited by the invading wetting phase flow, the distance travelled scales as the square root of time; this will be used later when the semi-analytical solution for spontaneous imbibition is derived.
Analysis of connected capillary tubes
While the treatment of flow in a single capillary is instructive, a porous medium can be thought of having many interconnected capillaries of different sizes. Hence, extensions from the one-tube case are necessary to understand more realistic flows. considered two parallel tubes with a porous interaction boundary between them (Fig. 3) . The tubes had different radii with connections between them, so that the same fluid phase at the same distance from the inlet would have the same pressure.
The situation shown in Fig. 3 consists of three main regions that represent different flow and pressure characteristics. In region (l 1 ) water occupied both tubes, and therefore the water pressure in the tubes at the same distance x was the same. A similar statement can be made for region (l ) 3 where oil occupied both capillaries and therefore a unified phase pressure for both capillary tubes is observed. The difference occurs in region l ( ) 2 where at the meniscus in tube 1 there is a pressure difference between the phases, P c1 . There are different pressure gradients in the water and oil phases in the two phases to accommodate a larger capillary P c2 at the second meniscus. This analysis shows that the wetting phase advances faster through the smaller capillary, since it has the greater capillary pressure driving imbibition. The connectivity of the pore network is crucial for this to occur: based simply on the Washburn (1921) analysis, imbibition is faster in a larger radius capillary, since the flow resistance is lower. However, in a connected network, the wetting phase experiences the same pressure gradients regardless of the local radius of the pore.
Several authors have extended this work by to analyze imbibition in interconnected capillary tubes, again confirming that advance is faster in the smaller radius pores (Dong and Dullien, 1997; Bartley and Ruth, 1999; Ruth and Bartley, 2011) . This arrangement of capillary tubes approximates scenarios similar to those observed in porous media. Typically, those would contain capillary throats that allow cross-flow. Therefore, it must be taken into consideration when predicting spontaneous imbibition at the field scale.
The previous analysis has been for co-current flow: in counter-current flow, on the other hand, the non-wetting phase has to escape back through the inlet. The works of Unsal et al. (2007a Unsal et al. ( , 2007b Unsal et al. ( , 2009 were the first to study, both experimentally and analytically, imbibition with asymmetrical geometries. Counter-current imbibition was only possible if the non-wetting phase had a finite backpressure to allow it to be produced through the inlet. These experiments were performed by placing a rod against a glass plate with flow barriers placed on either side of the rod and sealing against the glass plate. Adjusting the space between the rod and the glass plate laterally, allowed the gap through which the non-wetting phase had to escape to be altered, hence changing the capillary backpressure, as illustrated in Fig. 4 . Fig. 1 . An illustration of how spontaneous water imbibition can play an important factor in the production of oil in fractured reservoirs. Unsal et al. (2009) showed that if counter-current flow was prevented and imbibition occurred through non-interacting capillaries, then the wetting phase moved faster in the larger radius pores. However, if the non-wetting phase was allowed to escape through the inlet, through the formation of bubbles with a finite backpressure, then imbibition could proceed more rapidly through the smaller capillaries.
The work of Unsal et al. (2009) is significant because it investigated spontaneous imbibition in non-circular capillaries unlike most preceding works. It also investigated the shape of the imbibition shock front concluding that imbibition has similarities to Buckley-Leverett analysis. In their model, they related the rate of counter-current imbibition to the dead-end pressure P dead created at the interface between the two capillaries. As the distance d between the rod and glass plate varies, the value of P dead changes. These changes lead to changes in the rate of counter-current imbibition relative to co-current imbibition. Due to irregularities in the shape of the capillaries and the presence of both co-and counter-current flow with an inlet, which occasionally allows air bubbles to enter, a model to represent imbibition for such scenario was created. However, an analytical solution was not found due to associated complexities (Unsal et al., 2007a,b) . This experiment along with other experiments of bundled capillary tubes showed the necessity to find analytical solutions which can accommodate the complex structure of natural porous media.
Semi-analytical solution for counter-current SI
While simple analyses of spontaneous imbibition in capillary tubes are interesting, a more general approach to the problem of SI requires solutions using averaged continuum equations for flow in porous media. Several authors have provided analytical solutions for SI, but only for rather restrictive and often unrealistic functional forms for the capillary pressure and relative permeabilities (Fokas and Yortsos, 1982; Kashchiev and Firoozabadi, 2003) . Several developments of an analytical solution to predict capillary flow were published. Sunada (1990, 1992) proposed a general semi-analytical solution for SI, but it was largely ignored in the literature since it appeared to assume a rather specific form of the inlet boundary condition. Schmid et al. (2011) revisited this solution and showed that it in fact was a general solution applicable for counter-current flow. Later work presented further solutions and various methods to construct saturation profiles and recoveries (Bjørnarå and Mathias, 2013) . Next, systematic analysis and suggestions on how to calculate solutions to the governing equations for flow are discussed.
First, one-dimensional counter-current flow of two immiscible, incompressible phases through a homogeneous porous medium is considered. In counter-current flow, the water invades a closed system and oil leaves in the opposite direction. The derivation of the analytical solution for this counter-current SI will be explained in the following steps based on the study of Schmid et al. (2011 Schmid et al. ( , 2016 . The semi-analytical solution is developed based on the following assumptions: 1. Gravitational forces are neglected. 2. The system is homogeneous. 3. The fluids are incompressible. 4. The inlet capillary pressure is zero with no capillary backpressure. 5. The traditional multi-phase Darcy law is applicable for this process. 6. The solutions are a function of the parameter ω = x/√t for early time, before the imbibing water front reaches the far boundaries of the sample. This, is however, the general case for counter-current SI.
The one-dimensional conservation of mass equation for incompressible fluids can be expressed as:
where ϕ is the porosity, S w is the water saturation, q w is the water velocity, t is time and x is distance. The wetting phase Darcy velocity equation (Dake, 1983; Helmig, 1997) can be written as:
where λ w is the mobility of the wetting phase (water), λ nw is the mobility of the non-wetting phase (oil), λ t is the total mobility, q t is the total velocity of the wetting and non-wetting phase, k is the absolute permeability, p c is the capillary pressure defined as the difference between the non-wetting and wetting phase pressures, ρ w is the density of the wetting phase, ρ nw is the density of the non-wetting phase and g x is the gravitational acceleration in the flow direction. Ignoring gravitational forces, yields:
The Buckley-Leverett fractional flow is defined as = f w λ λ w t , and the equation becomes:
Differentiating the wetting phase velocity with respect to x, gives:
Next, Equation (10) is substituted in the conservation expression, Equation (6), to give:
Now, according to Barenblatt et al. (1990 Barenblatt et al. ( , 2003 , the capillary dispersion coefficient can be defined as:
When this coefficient is substituted into Equation (11):
In the traditional Buckley-Leverett analysis (ignoring capillary forces), the solution of this flow equation is a function of = v x t , where v is the dimensionless wave speed. Alternatively, with capillary-controlled flow, it is proposed that the distance x, representing the imbibing front, scales with t instead of t (Handy, 1960; Babadagli and Ershaghi, 1992; Garg et al., 1996; Li and Horne, 2000; Olafuyi et al., 2007; Alyafei et al., 2014; Alyafei and Blunt, 2018) . Hence, the attempt to find the flow equation is pursued by defining the scaling factor ω as:
The scaling used is only valid under the assumptions listed earlier, and specifically when the flow is entirely driven by capillary forces within the rock.
The following derivatives are defined:
Substituting Equations (15) and (16) into the counter-current flow Equation (13), yields:
Equation (17) is then integrated:
Then, from analogy with the Buckley-Leverett analysis, for some capillary fractional flow F (1 ≥ F ≥ 0) and constant C, ω can also be defined as:
Substituting Equations (19) and (20) into Equation (18) and integrating gives:
Through rearranging:
Equation (22) is an implicit non-linear second-order ordinary differential equation. Unlike a full numerical solution to the governing partial differential equations in both space and time, Equation (22) can be solved simply, as will be illustrated below. The key difference between this development and the waterflood Buckley-Leverett problem, is that the total amount of fluid that enters the system is no longer boundary condition, rather it is now embedded in the constant C. This necessitates an iterative solution, which makes numerical solutions to Equation (8) so problematic. As an initial error in the imbibition rate propagates, it yields very poor numerical solutions, unless a grid that is unfeasibly refined in both space and time is used (Nooruddin and Blunt, 2016) . Instead, Equation (22) is discretized in saturation space, which, as shown, is a very quick and accurate method to find a solution.
The backward difference method will be used to discretize Equation (22) (Canale and Chapra, 1998 ). An initial value of C is estimated knowing that F(S w *) = 1 and F'(S w *) = 0. This sets the initial conditions to calculate F for lower values of saturation. A converged solution is found when F(S wir ) = 0.
F′ and F″ are defined in the following way:
The following substitution will also be used to obtain an equation in terms of x:
Substituting Equations (23)-(25) into Equation (22) yields:
The above follows the quadratic equation of the form + + = ax bx c 0 2 , with the coefficients a, b and c being defined as:
Using the quadratic formula, the following solution for the countercurrent flow equation is achieved:
To solve for C and F, one would have to solve the integral implicitly.
However, a simple spreadsheet program utilizing the concept of backward-differencing approximation through an iterative process to find the unknown constant C is used (Schmid et al., 2016; Alyafei et al., 2016) . This spreadsheet makes use of the following equations:
The solution process is as follows:
1 Determine F" from a backward-differencing approximation.
2 Iteratively determine (S w ) at a finite number n of saturation points. 3 Iterate on the constant C until F(S w ) converges to the correct solution.
The final value of C is obtained when Equation (33) converges to 0, and Equation (34) converges to 1. Example solutions are shown in later sections of this paper. Convergence on C to 4 significant figures is typically obtained within 4 iterations.
Moreover, the semi-analytical solution can be used to derive the upscaling group of Geiger (2012, 2013) through simple manipulation of the variables. This scaling group is based on the frontal movement of the wetting phase:
The dimensionless time can be further interpreted as:
Hence, the dimensionless time becomes:
where L c is the characteristic length to account for the variation in the profile of the fluid saturation. A deeper analysis on the role of the characteristic length will be presented in the upscaling section of the paper.
Imbibition mechanisms for different boundary conditions
So far, only a one-dimensional analysis has been presented, while real reservoir geometries are three-dimensional. To bridge this gap in our understanding, several studies have been conducted with different boundary condition scenarios in a two-dimensional plane (Morrow and Mason, 2001; Mason et al., 2009; Arabjamaloei and Shadizadeh, 2010; Nooruddin and Blunt, 2016; Khan et al., 2018) . Even though all these scenarios can apply in reservoir situations, it is still very difficult to predict the impact of each to counter-current SI. The four main boundary conditions are displayed in Fig. 5 (Morrow and Mason, 2001) and are named: To test the phenomenon of counter-current SI, much dependence still lies on the two main scenarios of OEO and TEO (Ruth and Arthur, 2011) .
Regardless of the boundary condition imposed on the core, the sample should be adequately represented with a suitable shape factor. The shape factor is mainly used to account for the variations in the boundary condition for SI systems as a correction to compute the effective imbibition rate. The equation for the shape factor was developed by Kazemi et al. (1992) :
where V b is the bulk volume of the matrix block, A i is the surface area open to imbibition in the i-th direction, δ Ai is the distance from the open surface to the center of the matrix block, and j is the total number of surfaces open to the imbibition.
The inverse of the square root of the shape factor is the characteristic length L s. Based on this parameter, Ma et al. (1997) proposed a modified characteristic length:
where A i is the distance travelled by the imbibition front the open surface to the to the non-flow boundary.
The characteristic length can be then integrated into the dimensionless time of SI, along with the volume of water imbibed from the inlet into the rock sample which is used to predict the recovery factors for each boundary condition.
In all cases, the behavior can be approximated by a semi-analytical solution and a dimensionless time given by Equation (37) but where the term 1/L c 2 is replaced by the shape factor F s. With an appropriate choice of shape factor, the quantitative behavior of imbibition can be found even in more complex two-and three-dimensional geometries.
Role of capillary backpressure
The capillary backpressure is defined as the pressure that the oil phase needs to overcome, to be produced counter-currently (Haugen et al., 2014; Andersen et al., 2017; Foley et al., 2017) . The ingress of water has to be matched by the displacement of oil, and this may limit the imbibition rate, particularly for tight rocks, with high capillary pressures or for viscous oils. The backpressure is, physically, likely to be equal, or close to, the capillary entry pressure for the non-wetting phase in drainage.
If there is a threshold or capillary backpressure, P cb , at the inlet, then the inlet saturation S i is found such that P c (S i ) = P cb . The semi-analytical solution can be used as described in the previous section, but with a different inlet boundary condition. It has been shown that for most water-wet systems, reasonable estimates of the likely backpressure do not significantly affect the saturation profile or overall imbibition rate, since the water saturation tends to drop sharply with distance near the inlet (Foley et al., 2017) . As shown in Fig. 6 , significant effects are only observed if the capillary backpressure is very large and results in a much lower inlet saturation than for P c = 0.
Numerical analysis of counter-current SI

Model description
In this section, a review is presented on the main guidelines available in the literature that aid the reader in understanding approaches to modelling counter-current spontaneous imbibition without using specialized core simulators. Khan et al. (2018) simulated SI using a fully implicit general-purpose black oil reservoir simulator. The grid was based on a corner point approach employing a classical finite-difference scheme while the flow equations were based on the conservation of mass and Darcy flow. Three wettability cases were used to model counter-current SI; strongly water-wet (SWW), weakly water-wet (WWW) and mixed-wet (MW). The power-law model was used for relative permeabilities and capillary pressures where the exponents are based on the data provided by Schmid et al. (2016) and Blunt (2017) .
where k rw is the water relative permeability, k rw max , is the maximum water relative permeability, S w is the water saturation S wi is the initial water saturation, S gr is the residual gas saturation, and n is the Corey water exponent.
where k ro is the oil relative permeability, k ro max , is the maximum oil relative permeability, and m is the Corey oil exponent.
where P C is the capillary pressure, P c entry , is the entry capillary pressure and l is the capillary pressure exponent.
The exponent l corresponding to the capillary pressure curve in Schmid et al. (2016) data was modified from the original study and was set to be the same for all the wettability cases. To demonstrate the effect of wettability, the value of S w * at which the capillary pressure becomes zero, and the spontaneous imbibition process stops, was varied. Beyond this point, any further recovery would require forced displacement through water injection. The value of S w * for mixed-wet cases was expected to be much lower compared to the strongly water-wet exemplar, since some fraction of the pore space will be oil-wet and cannot be recovered by spontaneous imbibition of water. The exponents n and m for the relative permeability relationships control the shape of the oil and water curve respectively.
The data in Table 1 and Table 2 summarize the parameters used to construct the relative permeability and capillary pressure for the discussed cases, while Fig. 7 shows the relative permeabilities and capillary pressures for the different wetting states.
In the work of Khan et al. (2018) , it was assumed that the rock properties such as porosity and permeability were constant. The main grid was a 1-D Cartesian lattice with 400 cells varying in the i-th direction, and only two phases are modelled at a time. The grid describes a conventional core sample of a sandstone rock represented as a rectangular prism. Moreover, the change in the saturation of the flowing phases along with their respective pressure is calculated in each cell at each time step. The main body of the core is attached to a cell that acts as a water tank characterized with high permeability and porosity. The water flows spontaneously from the water tank into the core, while the oil flows in the opposite direction from the core onto the water tank. The purpose of the simulator is to quantify the saturation of the water phase along the distance of the simulated core. The SI modelling process is explained in further detail are in Khan et al. (2018) and Abd and Alyafei (2018) .
Earlier discussions entailed possible semi-analytical solutions. However, this section switches focus into numerical modelling of SI due to its importance in providing substantial information on the effect of key engineering parameters on reservoir performance; it can also be extended to relax some of the assumptions made in the analytical analysis, namely the consideration of both counter-current and cocurrent flows, compressible fluids and multi-dimensional flow geometries. The semi-analytical solutions will be used to understand the mechanism and the physical context of SI processes, and as a point of validation for the numerical solutions.
Saturation profiles
To study the effects of viscosity ratio and wettability on the saturation profiles, multiple simulations were run with in the data show in Tables 1 and 2 The results from Blunt (2017) , who provided analytical solutions for these cases, showed a precise match for the numerical and the semi-analytical solutions regardless of the wide range of viscosity ratios. Moreover, the wettability of the rock did not have any noticeable effect on the quality of the match. It is noticed from the profiles in Fig. 8(a-c) that the water needs less time to fully saturate the rock at low viscosity ratios when the mobility of the oil is high. This observation is valid for all wetting states tested. However, it should be noted that different grid resolutions were used in each case. To achieve accurate simulation results and an acceptable match, 0.25% of the core volume has to be captured in each grid cell (Khan et al., 2018) . The work of Khan et al. (2018) presents further analysis of the numerical results for different SI flow modes.
Further simulations were run using the Schmid et al. (2016) data set for two wettability cases and three viscosity ratios. In the first case, a core fully saturated with air was imbibed with water, and the water saturation profiles were plotted at five times. It was observed that the water front progresses steadily as time increases, and the five water saturation profiles scale perfectly with square root of time in both water-wet and mixed-wet cases. The profiles before and after scaling the saturation profiles can be seen in Fig. 9(a-b) for the SWW case.
The same procedure was repeated while changing the non-wetting phase to oil and testing different oil viscosities [1 mPa s and 3 mPa s] A.S. Abd, et al. Journal of Petroleum Science and Engineering 180 (2019) 456-470 with the water viscosity kept at a constant value of 1 mPa s. Results are reported with M representing the mobility ratio where the oil viscosity is divided by the water viscosity. Again, the same behavior is observed, as the profiles collapse onto one curve as a function of t x/ as illustrated in Fig. 10(a-h) , for any viscosity or wettability state. It is also noticed that the shape of the curves differs slightly between water-wet and mixed-wet cases when oil is used, as opposed to overlapping profiles in the gaseous state. The water profiles move slower when the rock is mixed-wet. In these situations, the ultimate recovery is expected to be much lower, and the imbibition rate may be several orders of magnitudes lower than water-wet cases. Theoretically, in a mixed wet-system, the process of spontaneous imbibition is limited to the zones where water saturation is small. The imbibition rate is limited by the water relative permeability at low water saturation which may be very small in mixed-wet systems (Blunt, 2017; Behbahani and Blunt, 2005; Behbahani et al., 2006) .
Upscaling of counter-current SI
Extensive research has been done in the past to understand the phenomenon of spontaneous imbibition in water-wet rocks and to convert core-scale experimental data of oil recovery to the field-scale (Iffly et al., 1972; Prey and Lefebvre, 1978; Hamon and Vidal, 1986; Bourbiaux and Kalaydjian, 1990; Cuiec et al., 1994; Zhang et al., 1996; Cil et al., 1998; Rangel-German and Kovscek, 2002) . Scaling transfer functions are used to predict recovery at the field scale using the results from lab experiments. However, information loss on upscaling is inevitable, thus brining attention to a key issue of how to optimize the upscaling techniques and minimize this information loss. A solid understanding of the flow functions governing fluid flow in fractured reservoirs provides the necessary foundation for upscaling laboratory results to the field scale using numerical simulators.
It is estimated that naturally fractured reservoirs contribute to around 50% of the hydrocarbon reserves discovered worldwide (Schlumberger, 2013) . In such reservoirs, oil recovery is vastly improved when the appropriate recovery techniques are applied such as waterflooding (Muggeridge et al., 2014) . Moreover, these reservoirs are usually represented as dual porosity simulation models. This is because the porosity differs vastly between the matrix of the rock and the fracture itself, and so does the permeability (Warren and Root, 1963) . Moreover, the irregular shape of the network of fractures is characterized by high permeability and porosity creating a heterogeneous medium in the reservoirs that permits more fluid to flow to the surface.
Naturally fractured reservoirs are usually very difficult to characterize making predictions of recovery uncertain (Gilman and Kazemi, 1983) . Since the fractures act as a conduit for the fluid flow, their properties control the behavior, yet they are difficult to characterize accurately (Thomas et al., 1983) . As the hydrocarbons flow from the low-permeability matrix rock into the fracture conduit, spontaneous imbibition dominates. Specifically, the oil stored in the pores of the matrix is mobilized by the means of capillary pressure or gravity (Gilman and Kazemi, 1983) . The illustration in Fig. 11 shows a fracture channel surrounded by the tight matrix block. Capillary forces push the oil from the pores of the rock into the flowing fracture carrying the hydrocarbon to the producer by the mean of water flooding. This variation in the saturation profile and the effect of the spontaneous imbibition process can be seen in the associated plot. This is more complex than the one-dimensional profiles shown previously, as the water penetrates into the matrix block dependent on the length of time that water has been present in the fracture.
The fluid communication between the matrix and the fracture block is modelled by a transfer function T. The first transfer function that accurately simulated dual behavior was developed by Barenblatt et al. (1960) using a continuum method approach. Transfer functions then adapted in the oil gas and industry by Warren and Root (1963) :
where, T is the transfer function [1/sec], σ is the shape factor m [1/ ] 2 , k is the matrix permeability [m 2 or mD], μ is the viscosity [Pa.s], and P is Fig. 7. (a) Relative permeabilities for the strongly water-wet SWW, weakly water-wet WWW and mixed-wet MW cases, as well as (b) the respective capillary pressures based on Blunt (2017) . All the curves stop at their respective S w * . Reproduced from Khan et al. (2018) . the pressure [Pa] ; m and f stand for matrix and fracture respectively. This model was subsequently further enhanced by Quandalle and Sabathier (1989) , Gilman and Kazemi (1983) , and Kazemi et al. (1976) to account for gravity, changes in water saturation and viscous recovery. Moreover, Chen et al. (1995) tweaked the transfer function to account for counter-current imbibition processes, and to model early and late time in water saturation profiles. Later on, a generalized transfer function was developed by Lu and Blunt (2007) to model capillary imbibition under mixed-wet conditions. Experimentally, the properties of fracture/matrix transfer functions have been the focus of many studies (Handy, 1960; Cil and Reis, 1996; Reis and Cil, 1999; Akin et al., 2000; Li and Horne, 2000; Rangel-German and Kovscek, 2002; Zhou et al., 2002; Abushaikha and Gosselin, 2008) . The wetting fluid imbibition patterns and the rate of water flow in the fracture are obtained through lab measurements. Under lab conditions, the fractures are assumed to be "instantly-filled" with water, and CT-scanning techniques can be used to monitor the water frontal movement. The most common type of apparatus used for these experiments in visualized in Fig. 12 .
The images collected through the CT-scanning technique allows us to calculate the average water saturation in the core as time progresses and relate it to the mass of the imbibed water linearly. This data permits the development and incorporation of scaling groups to find a shape factor for dual porosity simulation models.
The first attempt to scale oil recovery with dimensionless time was by Mattax and Kyte (1962) based on the work of Rapoport (1955) . However, this scaling law was very restrictive as many rock and fluid properties needed to be considered to obtain an acceptable fit to the data. Although this scaling law was a big step in understating the behavior of naturally fractured water driven reservoirs, the effects of the geometry of the core, relative permeability, viscosity ratios, gravity forces and capillary pressure need to be fully considered. Many scaling laws followed the work of Mattax and Kyte (1962) . For instance, the subsequent relation developed by Ma et al. (1997) was of significance as it integrated a new characteristic length in the scaling law that accounts for different boundary conditions, resulting in the development of a semi-empirical relationship. However, the scaling law is valid in strongly waterwet systems exclusively. Recently, Schmid and Geiger (2012) developed a new scaling law based on the semi-analytical solutions of Sunada (1990, 1992) presented earlier in this paper, thus relaxing the conditions under which the scaling law is valid. However, this relation fails to predict the shape of the final recovery over the whole range of time, but rather valid until:
The analytical solution predicts an indefinite increase in the cumulative volume of water imbibed Q w as time becomes infinite. However, this early time solution is only valid until the wetting front reaches the end of the matrix block (i.e. the water flow is affected by no-flow boundary conditions). Hence, an exponential model can be used to predict the recovery over the entire time range. This function is based on approximate analytical solutions that is used to derive an improved transfer rate. However, the exponential model is pessimistic in the prediction of early time recovery, which as shown previously, scales at the square-root of time Schmid and Geiger (2012) . The fitted model is as follows:
where t D is:
and ≈ α 70. This empirical value is obtained experimentally and is independent of wettability states and rock material.
This scaling law is considered the master equation for fitting spontaneous imbibition data in both water-wet and mixed-wet systems. To prove the superiority of the scaling group over the previously developed laws, Schmid and Geiger (2012) tested the results of scaling the oil recovery analytically against 45 published experimental results with different wettability conditions, viscosity ratios and boundary conditions (Hamon and Vidal, 1986; Bourbiaux and Kalaydjian, 1990; Zhang et al., 1996; Zhou et al., 2002; Fischer et al., 2006; Hatiboglu and Babadagli, 2007; Babadagli and Hatiboglu, 2007; Mason and Morrow, 2013) . The scaling group showed a good agreement with the experimental results, in the sense that the experimental results fell on one universal curve, thus proving its validity for a wide range of data. Fig. 13 shows the work of Schmid and Geiger in comparing their scaling group with the Ma et al. (1997) model. The dimensionless time of Ma et al. (1997) is derived based on the characteristic length, L and depends on an empirical factor that is easily measured; the square root of the product of the viscosities of the wetting and the non-wetting phases. The model can be represented as:
where μ w and μ nw represented the viscosity of the wetting and the nonwetting phase respectively. The data in Fig. 13 does not collapse into one curve for Ma et al. (1997) on the contrary to the universal scaling group by Schmid and Geiger (2012) where the data falls neatly into a narrow range.
In Abd and Alyafei (2018) , the applicability of the Schmid and Geiger (2012) scaling group was also tested. For this purpose, 16 11 . The fracture connecting an injector and a producer is shown (left). The oil is displaced due to spontaneous imbibition into the fracture which is then moved up to the producer by the water flow from the injector. This process is shown on a simulation grid depicting the change in the saturation profile along the fracture (right). Reproduced from Andersen et al. (2014) . synthetic data sets with varying boundary conditions were generated, with different characteristic lengths, porosity, permeability, viscosity and rock parameters. The samples were divided into two main parts, where the "S" sample mimics the behavior of Schmid et al. (2016) data and the "B" sample are based on the data sets provided by Blunt (2017) .
The different samples are summarized in Table 3 below.
Upon simulating the 16 cases, the numerical results were used to calculate the dimensionless time of the two tested groups, and the ultimate recovery curves were plotted on a semi-logarithmic scale in Fig. 14. The semi-analytical solution was used to calculate the C values for each case, which in turn are used to derive the dimensionless time. It is noticed that Ma et al. (1997) group was less effective in scaling all of the data sets, as opposed to the universal scaling group by Schmid and Geiger (2012) . The variations in the rock and fluid properties did not affect the quality of scaling for the latest group, as the data falls into one single curve without significant scatter. Moreover, numerical modelling allows us to predict the recovery curves even at late times when the water front reaches to a boundary condition. The topic of upscaling different sets of data, and the impact of the different controlling parameters on the quality of the scaling are studied in detail by Abd and Alyafei (2018) which can be referred to for further details.
Applications of the semi-analytical solution
The semi-analytical solution for SI can be used to estimate the relative permeabilities and capillary pressure from SI experimental results (Li and Horne, 2005; Khan and Alyafei, 2017; Alyafei and Blunt, 2018) . We can match the measured saturation profiles to the semi-analytical solutions by manipulating the parameters related to the relative (56), is used to scale the experimental data but effective wide scatter in the data is still evident. (b) The Schmid and Geiger (2012) scaling group, equation (54-55) is used and the data falls onto a curve with little scatter, independent of the material or fluid characteristics. Reproduced from Schmid and Geiger (2012) .
permeabilities and capillary pressure. Since the spontaneous imbibition profile depends on hydrocarbon and water relative permeabilities, and capillary pressure, the experimental measurements alone are not enough to determine all three functions. However, if the relative permeabilities could be determined experimentally, then a comparison with the semi-analytical solution would be enough to determine the capillary pressure. In brief, the semi-analytical solution complements traditional core measurements in determining the flow properties.
An experimental water saturation profile was extracted from a study on a diatomite core, where CT-measured saturation images were presented (Le Guen and Kovscek, 2006) . The core was initially saturated with decane, with no initial water present. The water progressed uniformly through the core in a one-dimensional profile. The water saturation averaged perpendicular to the average flow direction is shown, as a function of distance from the inlet at different times, in Fig. 15 . After obtaining the experimental profile, the results were matched with the semi-analytical solutions. However, no information on the relative permeabilities and the capillary pressure was provided, and thus the estimation in not unique, but rather one possible interpretation of the situation. The process was started the process by adjusting the parameters shown in Table 4 , while using the provided porosity, viscosity, permeability and core length from the experimental dataset. We manipulated the parameters and iterated on the constant C until a profile match was obtained. The matched parameters are tabulated in Table 4 . The parameters are then used to run a simulation case and obtain numerical water saturation profiles. The numerical simulations were added as a checkpoint, to make sure that the results of the semi-analytical solution can be replicated using the simulation code. The three curves representing the experimental, semi-analytical and numerical data are plotted in Fig. 15 against the scaled time. We notice clearly that the experimental data scales as the square root of time, as the three saturation curves fall into one unified profile. Moreover, the fitted semianalytical solution matches the general trend of the measured data with the experimental profiles scattered around the mathematical solution. Based on the match quality, we could confidently say that the parameters obtained in Table 4 form a plausible set of rock properties for the experiment presented. Hence, the semi-analytical solution of SI could be used to estimate the relative permeability and capillary pressure of a rock through matching the experimental and semi-analytical water saturation profiles. This routine is advantageous as it substitutes the costly core analysis tests with an easier approach without a great effect on the accuracy of the parameters. Moreover, by construction, Table 3 The rock and fluid parameters used to synthesize the data sets for numerical modelling of SWW rock, where each sample represent the parameters used to generate an oil recovery curve (BC in the table stands for boundary condition). From Abd and Alyafei (2018 Fig. 14. The oil recovery as a function of dimensionless time for different scaling groups: (a) Ma et al. (1997) , equation (55), does not scale the different data sets and fail to converge the result into one single curve (b) Schmid and Geiger (2012) , equations (54-55), scales the 16 different data sets into one single curve validating its universal applicability. Reproduced from Abd and Alyafei (2018) .
this method correctly compute the imbibition rate which is useful for application in dual porosity reservoir simulation where imbibition is the dominant recovery process.
Conclusions and future work
Counter-current spontaneous imbibition is an important phenomenon during secondary production of fractured reservoirs. Numerous works have characterized and modelled this phenomenon with analytical and numerical approaches. Successful estimation of counter-current SI rates is of great significance when it comes to conventional field predictions.
The experimental works of and Unsal et al. (2009) on SI processes have proved to be important as they portray the closest scenarios to capillaries in pore systems with fluid exchange based on differences in phase pressures, and hence the occurrence of counter-current spontaneous imbibition. Their works provided physical insight into the displacement mechanisms that occur during SI, combined with analytical expressions of the advance of the wetting phase. On the other hand, the semi-analytical solution of Schmid et al. (2011) is a very important tool to estimate oil recovery from naturally fractured reservoirs. The semi-analytical solution helps to evaluate the capillary pressure and relative permeability and provides predictions of fluid flow in the reservoir. Subsequent research has verified the validity of the solution and suggested it as a replacement to routine core analysis experiments to obtain different rock parameters. Here, we presented a simplified theoretical treatment and a straightforward way to construct solutions.
Based on the semi-analytical solution of Schmid et al. (2011) , a master scaling transfer function for SI in oil recovery has been developed. The scaling law of Schmid and Geiger (2012) upscales laboratory results to the field scale for both water-wet and mixed-wet systems. The scaling group is valid for a wide range of different rocks and fluid properties. Furthermore, unlike previously developed expressions, there are only few limiting constraints. The scaled water saturation profiles can be used to predict oil flow in reservoirs with better confidence and reliability than the more empirical approaches used previously.
Future work could consider the analysis of SI in transition zone reservoirs where the wettability varies with height above the free water level (Marion et al., 2003) . Experimentally, the in situ monitoring of the SI saturation profile, combined with traditional core analysis measurements could be used to determine or constrain relative permeability and capillary pressure. Of particular interest is the use of saturation monitoring to find the water relative permeability in mixed-wet systems at low water saturation: its low value limits the rate of SI, allowing careful and accurate determination of the evolution of the profile in a SI experiment, which is otherwise difficult to measure using traditional steady-state or unsteady-state relative permeability tests.
The core scale work done up to this point proved very useful scientifically for testing different scaling groups and understanding how backpressure and oil recovery can be properly predicted and upscaled using core data. Due to rock properties changing laterally and not allowing a single core's properties to be applicable throughout a reservoir, possible future work can address a method to upscale to the full field scale in heterogeneous reservoirs using results from several core samples.
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